Introduction
A numerical semigroup is an additively closed subset S of N with 0 ∈ S and only finitely many positive integers outside from S, the so-called gaps of S. The genus g of S is the number of its gaps. The set E = S * \ (S * + S * ), where S * = S \ {0}, is the (unique) minimal system of generators of S. Its elements are called the atoms of S; their number e is the embedding dimension of S. The multiplicity of S is the smallest element p of S * .
From now on we assume that S = N. Then the greatest gap f is the Frobenius number of S.
For a certain class of numerical semigroups we shall study the relationship between the various invariants mentioned above.
In particular for the semigroups under consideration we will give an affirmative answer to Wilf's question [10] : Is it true that
We shall consider the following semigroups: Let p be a prime, λ a positive real number, I λ (p) the interval [p, p + λp] and D λ the set of all primes p such that I λ (p) contains at least two primes. For such a p we denote by S λ (p) the semigroup generated by all primes from I λ (p) and by f λ (p) its Frobenius number.
Let p 1 = 2, p 2 = 3, p 3 = 5, . . . be the sequence of prime numbers in natural order and let S n be the semigroup generated by all primes not less than p n . Then by [5, Thm.] the sequence S λ (p n ), λ > 0 stabilizes for λ ≥ 3 + ε, ε > 0 to S n . Hence the results below may be considered as a generalization of corresponding assertions in [5] about S n : Proposition 3.1. Let S be a numerical semigroup of multiplicity p containing S λ (p). a) If p is large, then S satisfies Wilf's inequality (1) . b) In case λ = 1 formula (1) holds for all p. In particular (1) is true for S = S n (cf. [5, Prop. 5] ).
Further we obtain the following bounds for the fraction f λ (p) p .
For λ / ∈ ( 2 3 , 1] we also have lower bounds for f λ (p) p , see Proposition 2.4 below. By computational evidence and in accordance with these bounds we suspect, that asymptotically
otherwise. .
In particular for the Frobenius number f n of S n we would have lim n→∞ fn pn = 3, hence large even numbers would be the sum of two primes (cf. [5, Prop. 2] ).
It may be interesting to see how the graph of f λ (p) changes with p [14].
Proof If p is large then U is large as well.
We choose an arbitrary value ( 11 20 <)θ < 1 and apply [6, Thm. 1.1]: Since λ 3(6+λ) is just a positive constant, it is a trivial consequence that each large U can be written as a sum U = q 1 + q 2 + q 3 of prime numbers q i and with the restriction
Lemma
For the rest of the proof of 2.1 we may assume that λ = 2 m with m odd (since f λ (p) is a decreasing function of the parameter λ), and p ≥ 4m.
Let u be the smallest and U the largest odd integer in J λ (p); note that our condition p ≥ 4m guarantees that J λ (p) is large in the sense that it contain such (different) numbers. Let L(p) = [u, U ]. Obviously we have u < (3 + 1 m )p + 2 and U > 3(1 + 1 m )p − 2, hence mU − mu > p, since by assumption p ≥ 4m. In mL(p) = [mu, mU ] every odd integer z can be written as z = u 1 + . . . + u m with m odd summands from J λ (p), hence z is in S λ (p) by the lemma.
Since 2mU − 2mu > 2p, there are p consecutive even integers in 2mL(p). They are in S λ (p) and they represent all residue classes modulo p. Hence f λ (p) + p ≤ Max(2mL(p)) = 2U m ≤ 6m(1 + 1 m )p = 6(m + 1)p.
For λ = 1 we can do even better: Notice that here by Bertrand's postulate D 1 is the set of all primes.
and (p, p + 2) must be a twin prime pair. Hence, since p > 3, we have p ≡ 5 mod 6 and p + 2 ≡ 1 mod 6. Hence 4p − 2 cannot be in S 1 (p), since 2p − 1 ≡ 3 mod 6 is not a prime.
As for the upper bound we may assume that 0 < ε < λ − 2 3 . Let U be an odd integer such that (3 + ε)p ≤ U ≤ (5 + ε)p. If p is large enough, then by [6, Thm. 1.1] (see also [5, Lemma 2] ) there are primes q 1 , q 2 and q 3 , such that
is even, then G = p + U , and U is from S λ (p) as seen above. Hence all integers from I(ε) are in S λ (p), and these are at least p consecutive ones. As above we see that f λ (p)+p ≤ Max(I(ε)) = (5+ε)p.
Remark. Let p = p n the n-th prime in the natural order, S n the semigroup generated by all primes not less than p and f n its Frobenius number. In case of proposition 2.3, S λ (p n ) is contained in S n , hence f n is at most f λ (p n ). Hence by 2.3 lim sup fn pn ≤ 4, as n goes to infinity. This has been shown by a somewhat different way in our former paper [5] . This picture gives rise to the following
for λ > 2 ?
A positive answer would be in accordance with the following lower bounds for the function f λ (p) 
b) immediately follows from
Lemma 2.5. a) If T (m) is finite, then for λ ≤ 2 m , f λ (p) p ≥ m + 2 − 2 p for large p. b) T (2) = {1}, and T (m) is empty if m > 2 and m is incongruent to 1 modulo 3.
Proof of 2.5
a) Since f λ (p) is monotonic w. r. to λ, we may assume that λ = 2 m . Let f λ (p) < (m + 2)p − 2. It is enough to show: If p > m and p > 3, then there is a t ∈ T (m) such that p = 1 + tm.
Proof. By definition of p max , mp max ≤ (m + 2)p, hence mp max < (m + 2)p since p > m. For reasons of parity we even have mp max ≤ (m + 2)p − 2.
z := (m + 2)p + 2 > f (p), hence z ∈ S λ (p). Since mp max < z < (m + 4)p, because of parity z is the sum of exactly m+2 atoms from S λ (p), hence p+2 must be a prime. Similarly w := (m + 2)p − 2 > f λ (p) is in S λ (p); hence w = mp max because of its parity and since mp max ≤ w < (m + 2)p. For t := p−1 m we have primes p = 1+tm, p+2 = 3+tm and p max = 1+t(m+2). Further 2t = p max − p is an even integer; hence t ∈ T (m). Hence p ≡ 5 mod 6 and tm ≡ 4 mod 6.
If m is even, then d is even as well and 4 ≡ tm ≡ 2t mod 6. Hence p + 2t ≡ 5 + 4 ≡ 3 mod 6, contradiction. If m is odd, then m ≡ 5 mod 6. Since tm ≡ 4 mod 6, we get t ≡ 2 mod 6, hence p + 2t ≡ 9 mod 6 is not a prime number, contradiction.
ii) Let m = 3d. Suppose there is a t ∈ T (m), hence p := 1 + 3td is prime, in particular odd. This implies p ≡ 1 mod 6, hence p + 2 ≡ 3 mod 6 is not prime, contradiction. [3] implies, that T (m) is infinite, so the above proof will not work.
The question of Wilf for certain numerical semigroups
As in section 2 let λ > 0 be a real parameter. With the above definitions let p be from D λ . 
b) In case λ = 1, inequality (1) holds for all primes. In particular it is true for the semigroups S n generated by all primes not less than p n , n ≥ 1.
Preliminary considerations: Let S be as in the proposition. W. l. o. g. we may assume that λ ≤ 1. Since (1) is true by [1] if p < 19 or if f < 3p by [4] we may assume that p ≥ 19 and f > 3p. Instead of (1) we consider the equivalent inequality
Here 1 + f − g is the number of element of S lying below f , sometimes called sporadic for S. Let π(x) be the number of primes less than or equal to x. Since λ ≤ 1 we have p + (1 + λ)p ≤ 3p < f . Hence the π((1 + λ)p) − π(p) + 1 many primes in I λ (p) are atoms as well as sporadic elements for S. The latter also holds for the even numbers p + q, q a prime from I λ (p), as well as for 3p, since they are all less than f by our assumption 3p < f . Hence
and all together
Proof of 3.1 a):
Let π(p) = n. Then by the prime number theorem p ∼ n log n and π((1 + λ)p) ∼ (1 + λ)n. Hence by 2.1 we have f λ (p) < const. · n log n for large n. On the other hand, the right hand side of inequality (3) is ∼ 2λ 2 n 2 , as n goes to infinity. Hence f e(1+f −g) ∼ o(p) (notice that log n n is a null sequence). In particular f < e(1 + f − g) for large p. 4) f (p) < 2(π(2p) − π(p)) 2 , if n = π(p) > 674.
Since f ≤ f (p), (3) and (4) together imply (2) for n > 674. So, once the lemma is shown, it remains to prove proposition 3.1 b) in case 7 < n < 675. Proof of the lemma: Fundamental for this are the approximate formulas for the functions p n and π(x) from the papers [7] and [8] by Rosser and Schoenfeld. According to [8] we have (5) π(2x) < 2π(x) for x ≥ 11.
In [7] it is shown, that (6) p n < n(log n + log log n) for n > 5,
Since for the embedding dimension e(p n ) of S(p n ) we have e(p n ) = π(2p n ) − n + 1 < n + 1 < p n for n > 674 by (5) , the approximation of the Frobenius number by [9] can be applied to S(p) if π(p) = n > 674:
From (7) and (8) we get
It is easily seen that the function l(x), x ≥ 67, is strictly increasing. Together with (5) and (10) we get at the places x = p n , n ≥ 675, i. e. p n ≥ 5039
(11) 2n > π(2p n ) > l(p n ) · π(p n ) ≥ l(5039) · n, where l(5039) is approximately 1.61158. The function
is strictly decreasing. As one can check,
Applying (6) to the right hand side of formula (9), we get for n ≥ 675
Lemma According to the last column of table [12] inequality (2) holds for S(p), if 8 ≤ π(p) ≤ 675.
Hence we may assume that S is different from S(p), p = p n . Then e ≥ π(2p n ) − n + 2, and (3) can be improved to e · (1 + f − g) ≥ (2 · (π(2p n ) − n + 1) + 1)(π(2p n ) − n + 2).
The second last column of table [12] mentioned above shows, that f ≤ f (p) and f (p) is less than the right hand side of this inequality, if 10 ≤ π(p) < 675. The remaining cases are p = 19 and p = 23.
For p = 23, by assumption we have f > 69, and S(23) contains 17 elements less than 70, which then are sporadic for S. Since S is different from S(23), we have e ≥ e(23) + 1 = 7; finally e(1 + f − g) ≥ 7 · 17 > 102 = f (23) ≥ f .
Analogously for p = 19 we have f > 57 and e ≥ 6. Further 58 = 29 + 29 is in S, hence f ≥ 59. Since 60, 61 and 62 are also in S, either f = 59 or f ≥ 63. We will see in a moment that for the semigroups S(p) generated by the primes from [p, 2p] this bound is extremely weak, as p goes to infinity.
As above let λ > 0 be a real parameter and S λ (p) the semigroup generated by the primes in [p, p + λp]. Here e λ (p) ∼ λ · π(p), hence 1 e λ (p) is a null sequence. In contrast, the results of [2] and [6] 
Binary Goldbach for large numbers: Sufficient conditions
The Binary Goldbach conjecture for large numbers, which seems to be open, states that each large enough even integer can be written as a sum of two primes.
In this section we present some consequences which would follow if "Binary Goldbach for large numbers" should be false. We cannot disprove any of these consequences and we do not believe that our results mean some practical progress on a way to prove Binary Goldbach for large numbers.
Like above, let S n be the semigroup generated by all primes not less than p n and f n its Frobenius number.
By [5, Lemma 3] and since lim n→∞ pn+1 pn = 1, given ε > 0, for n 0 we have (1) f n p n < 3+ε if f n is odd, and f n p n < 4+ε if f n is even. In particular f n p n < 5.
(2) p n+1 p n < 1 + ε 5 .
Assumption The Binary Goldbach conjecture for large numbers is false.
Conclusions for the sequence (f n )
• Infinitely many f n are even, see [5, Propositions 2 and 4]. is a sum 2m = q 1 + q 2 of two primes numbers 9 10 m ≤ q 1 , q 2 ≤ 11 10 m.
2. Let n be large enough and suppose f n is even. By [5, Prop. 1 and lemma 3], N := 3p n − 6 ≤ f n ≤ 2N ; in particular, p n ≤ 9 10 · fn 2 . Hence the gap f n of S n is always an exception in the sense of 1.
